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Section 1

Primitive functions

² Knowledge

Primitive functions
3 Skills
Find primitives of functions

 Understanding
Family of primitives is generated
and differ by a constant

� By the end of this section am I able to:

21.1 Define anti-differentiation as the reverse of differentiation and use the notation

∫

f(x) dx for anti-

derivatives or indefinite integrals

21.2 Recognise that any two anti-derivatives of f(x) differ by a constant.

21.3 Establish and use the formula

∫

x
n
dx =

1

n+ 1
x
n+1 + c for n 6= −1

21.5 Recognise and use linearity of anti-differentiation

� Learning Goal(s)

1.1 Obtaining primitive functions

• A primitive of a function f(x) is what needs to be

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .differentiated to obtain f(x).

• If f(x) = axn, then f ′(x) = .. . . . . . . . . . . . . . . .naxn−1

• Reversing the process, if f(x) = .. . . . . . . . . . . . . . . . .naxn−1 , then F (x) = axn.

• For xn terms, . . . . . . . . . . . . . . . . . . . . . . . . . . .increment the power by one, and divide by

.. . . . . . . . . .new .. . . . . . . . . . . . . . .power .

• Always use . . . . . . . . . . . . . . .index . . . . . . . . . . . . .form .

L Fill in the spaces

What is a primitive of y = 3x2 − 4x+ 4? Answer: x3 − 2x2 + 4x

� Example 1

If y = f(x) has a primitive function F (x), then in fact there are . . . . . . . . . . . . . . . . . . . . . . . .infinitely
many primitives, all differing by an .. . . . . . . . . . . . . . . . . . . . . . . .arbitrary . . . . . . . . . . . . . . . . . . . . . . .constant C.

º Theorem 1
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6 Second Fundamental Theorem of Calculus

1.2 Second Fundamental Theorem of Calculus

(Second) Fundamental Theorem of Calculus The primitive function of f(x), can
be written as F (x), and related by

d

dx
(F (x)) = f(x) ↔ F (x) =

∫

f(x) dx

º Theorem 2

Some properties need to be known:

1.2.1 Preservation under addition/subtraction

Primitive of sum is the sum of primitives:
∫

(f(x)± g(x)) dx =

∫

f(x) dx±
∫

g(x) dx

º Theorem 3

Find the primitive of f(x) = 5x3 + 3x2 − 4x+ 1. Answer: 5
4
x4 + x3 − 2x2 + x+ C

� Example 2

1.2.2 Preservation under scalar multiplication

Move constants out of integral and evaluate.
∫

af(x) dx = a

∫

f(x) dx (a ∈ R)

º Theorem 4

Find the primitive of 8x3. Answer: 2x4 + C

� Example 3

1.2.3 Constant terms

Finding the primitive of a constant: look for “invisible” 1s.
∫

dx =

∫

1 dx = x+ C

º Theorem 5

NORMANHURST BOYS’ HIGH SCHOOL



Further methods of finding primitives 7

1.3 Further methods of finding primitives

1.3.1 Expansion

Find

∫

(2x+ 1)2 dx.

� Example 4

• Expand (2x+ 1)2 : . . . . . . . . . . . . . . . . . . . . . . . . . . . . .4x2 + 4x+ 1

• Find the primitive of each individual term:

*

∫

4x2 dx = ... . . . . . .
4

3
x3 *

∫

4x dx = ... . . . . .2x2 *

∫

1 dx = ...x

• Sum of primitive terms: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4

3
x3 + 2x2 + x+ C

Find the primitive of (x− 1)(x− 2). Answer: 1
3
x3 − 3

2
x2 + 2x+ C

� Example 5

Find the primitive of x2(1− 3x) Answer: 1
3
x3 − 3

4
x4 + C

� Example 6

Evaluate

∫

x 3
√
x dx. Answer: 3

7
x

7

3 + C

� Example 7

NORMANHURST BOYS’ HIGH SCHOOL



8 Further methods of finding primitives

1.3.2 Indices

Always write in . . . . . . . . . . . . . . .index . . . . . . . . . . . . .form .
V Important note

Find the primitive of
√
x+ 3

√
x. Answer: 2

3
x

3

2 + 3
4
x

4

3 + C

� Example 8

Find the primitive of 3 +
1

x2
− 2

x3
. Answer: 3x− 1

x
+ 1

x2
+ C

� Example 9

NORMANHURST BOYS’ HIGH SCHOOL



Further methods of finding primitives 9

1.3.3 Splitting fractions (Decomposing rational functions)

Evaluate

∫
x2 + 2

x2
dx. Answer: x− 2x−1 + C

� Example 10

Evaluate

∫
3x3 − 2x2 + x−1

x2
dx. Answer: 3

2
x2 − 2x− 1

2
x−2 + C

� Example 11

A Ex 3H
• Q1-7

Ex 4E

• Q1-9, 14

X1 Ex 4J

• Q1-7

Ex 5E

• Q1-9, 14

Î Further exercises

Ex 10J Q1 last 2 columns, Q2-4 Ex 11D Q1, 2(g) - (f), Q3, Q4 LC,

Î Further exercises (Legacy Textbooks)

NORMANHURST BOYS’ HIGH SCHOOL



10 Further methods of finding primitives

1.3.4 Powers of linear terms

² Knowledge

Indefinite integrals
3 Skills
Find indefinite integrals

 Understanding
Using tangents and normals,
find the original function given
a point

� By the end of this section am I able to:

21.5 Determine indefinite integrals of the form

∫

f(ax+ b) dx

21.6 Determine f(x), given f ′(x) and an initial condition f(a) = b in a range of practical and abstract
applications including coordinate geometry, business and science.

� Learning Goal(s)

• d

dx
(ax+ b)n = ... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .an(ax+ b)n−1

• Hence evaluate

∫

(ax+ b)n dx: . . . . . . . . . . . . . . . . . . . . .
(ax+b)n+1

a(n+1)

L Fill in the spaces

Evaluate

∫

(5x+ 1)3 dx. Answer:
(5x+1)4

20
+ C

� Example 12

Find the primitive to
1

(3 + 6x)2
. Answer: − 1

6
(3 + 6x)−1 + C

� Example 13

NORMANHURST BOYS’ HIGH SCHOOL



Further methods of finding primitives 11

[1996 2U HSC Q5] The graph of y = f(x) passes through the point (1, 3) and
f ′(x) = 3x2 − 2. Find f(x).

� Example 14

o Evaluate

∫
2x+ 1

(2x− 1)3
dx. Answer: − 1

2

(

1
2x−1

+ 1
(2x−1)2

)

+ C

� Example 15

A Ex 3H
• Q9-11

Ex 4E

• Q11-13, 17-18

X1 Ex 4J

• Q9-11

Ex 5E

• Q11-13, 17-18

Î Further exercises

Ex 10J Q8-9 Ex 11D Q5-6

Î Further exercises (Legacy Textbooks)
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12 Harder primitives: undoing the chain rule

1.4 Harder primitives: undoing the chain rule

² Knowledge

Chain rule
3 Skills
Identifying the chain rule
residue

 Understanding
Why the residue matters in find-
ing primitives

� By the end of this section am I able to:

21.4 Establish and use the formula

∫

f
′(x)

(

f(x)
)n

dx =
1

n+ 1

(

f(x)
)n+1

+c where n 6= −1 (the ‘reverse

chain rule’)

� Learning Goal(s)

1.4.1 Structured questions

Keyword: Hence. Always use . . . . . . . . . . . . . . .hence when provided.
V Important note

(a) Differentiate (x2 + 1)
4

(b) Hence find the primitive of 8x (x2 + 1)
3
.

� Example 16

(a) Differentiate (x2 − 5)
6
.

(b) Hence find the primitive of x (x2 − 5)
5
.

� Example 17

NORMANHURST BOYS’ HIGH SCHOOL



Harder primitives: undoing the chain rule 13

(a) Differentiate (x3 + 5)
4
with the full setting out of the chain rule.

(b) Hence find the primitive of 12x2 (x3 + 5)
3
.

(c) Hence find the primitive of x2 (x3 + 5)
3
.

� Example 18

(a) Evaluate
d

dx
(5− 3x)

4
3 .

(b) Hence or otherwise, evaluate

∫

3
√
5− 3x dx

Answer: (a) −4 3
√
5− 3x (b) − 1

4
(5− 3x)

4

3 + C

� Example 19

NORMANHURST BOYS’ HIGH SCHOOL



14 Harder primitives: undoing the chain rule

1.4.2 Unstructured questions

• Look for derivatives of “inner functions” from the . . . . . . . . . . . . . .chain . . . . . . . . . . .rule inside
integrands.

The derivative of “inner functions” appearing due to the . . . . . . . . . . . . . . .chain . . . . . . . . . . .rule is
also known as the . . . . . . . . . . . . . . .chain . . . . . . . . . . .rule . . . . . . . . . . . . . . . . . . .residue .

� Definition 1

Find:

∫

x2
(
x3 + 1

)4
dx. Answer: 1

15

(

x3 + 1
)5

+ C

� Example 20

Find:

∫

x
√
1− 4x2 dx. Answer: − 1

12

(

1− 4x2
) 3

2 + C

� Example 21

NORMANHURST BOYS’ HIGH SCHOOL



Harder primitives: undoing the chain rule 15

Find:

∫
x

(5x2 − 1)3
dx. Answer: − 1

20

(

5x2 − 1
)−2

+ C

� Example 22

Find:

∫
(
√
x+ b)

2

√
x

dx. Answer: 2
3

(

(√
x+ b

)3
)

+ C

� Example 23

A Ex 4I
• Q1-14

X1 Ex 5I

• Q1-14

• o Q16

Î Further exercises

Ex 11H Q1-7

Î Further exercises (Legacy Textbooks)

NORMANHURST BOYS’ HIGH SCHOOL



16 Harder primitives: undoing the chain rule

1.4.3 Supplementary exercises

1. Find the primitives of the following functions.

(a) x5

(b) 3x8

(c) 5x

(d) 7

(e) 1
2
x3

(f) x6

3

(g) 4x3 − 2x2 − 3

(h) a

2. Integrate with respect to r: (a) 2πr (b) 4πr2 (c) 1

3. Find indefinite integrals for: (a) x(x+ 2) (b) (2x+ 1)(x− 4) (c)
3x3 − 2x2 + 3x

x

4. Use your knowledge of negative and fractional indices to find:

(a)

∫
1

x2
dx

(b)

∫
1

4x3
dx

(c)

∫ √
x dx

(d)

∫
2√
x
dx

(e)

∫

x
√
x dx

(f)

∫

3
√
x dx

(g)

∫
5
√
x3 dx

(h)

∫
2x3 − 3x2 − 4

3x2
dx

(i)

∫ √
x− 1

2
√
x

dx

5. Find: (a)

∫

dx (b)

∫
dx√
x

(c)

∫

r dr

6. Find primitives for:

(a) (3x+ 2)3

(b) (1− x)5

(c) (x2 + 1)
2

(d)
1

(x− 3)3

(e)
3

(2x− 1)2
(f)

√
3− 2x

(g)
2

3
√
4x+ 3

7. (a) If f ′(x) = 3x2 and f(1) = −2, find f(x).

(b) If
dy

dx
= 4x− 1 and y = 7 when x = −1, find y as a function of x.

(c) If f ′(x) = −3, f(4) = 7, find f(x).

(d) If f ′(x) = 12(3x−2)3 and the graph of y = f(x) passes through (1, 2), find f(x).

(e) Find the equation of the curve which passes through (−1, 3) and whose gradient
function is

√
2x+ 11.

(f) If
d2y

dx2
= 4x3 − 1, and

dy

dx
= 2 when x = 1, find

dy

dx
as a function of x.

(g) If
d2y

dx2
= 6x+ 4, and

dy

dx
= 8 and y = 2 when x = 1, find y as a function of x.

(h) If f ′′(x) = x, f ′(2) = 1 and f(3) = 0, find f(x).

(i) If f ′′(x) = −2x and the curve y = f(x) has a stationary point at (2, 6), find the
equation of this curve.

NORMANHURST BOYS’ HIGH SCHOOL



Harder primitives: undoing the chain rule 17

Extension

8. A parabola has its vertex at (1, 2k+1) and its second derivative is given by f ′′(x) = 2k.

(a) Find the equation of the parabola.

(b) For what values of k is this parabola negative definite?

9. The velocity v ms−1 of a particle moving in a straight line is given by v = 2t−1, where
t is the time in seconds.

(a) Find the displacement of the particle as a function of t, if it is initially at x = −2.

(b) At what time(s) is the particle at the origin?

(c) When is the particle stationary?

(d) How far does the particle travel in the first 3 seconds?

(e) What is the acceleration of the particle?

10. The acceleration a ms−2 of a particle moving along the x axis is given by
b b

x = 1 − t,
where t is the time in seconds. At t = 1, the particle is stationary at the origin. Find
the displacement of the particle at t = 3.

11. A container of water is leaking, so that the rate of change in the volume (V litres) of

water is given by
dV

dt
= t2 − 36, where t is the time in seconds after the container is

filled.

(a) Find the range of values of t for which
dV

dt
is meaningful, stating how long it

takes for the water to stop flowing (i.e. until the container is empty)

(b) Find the amount of water in the container when full.

12. (a) Find the primitive of x2 + 2x+ 1.

(b) Without expanding, find the primitive of (x+ 1)2, then expand your answer.

(c) Explain why your answers to part (a) and (b) are not the same.

13. (a) Differentiate x(2x+ 1)3.

(b) Hence find the equation of the curve whose gradient function is (2x+1)2(8x+1)
and passes through the point (0, 3).

14. (a) Differentiate 4x
√
2x+ 1.

(b) Hence find

∫
3x+ 1√
2x+ 1

dx.

Answers to supplementary exercises §1.4.3 on the facing page

1. (a) 1
6
x6 (b) 1

3
x9 (c) 5

2
x2 (d) 7x (e) 1

8
x4 (f) 1

21
x7 (g) x4 − 2

3
x3 − 3x (h) ax 2. (a) πr2 (b) 4

3
πr3 (c) r 3. (a) 1

3
x3 + x2

(b) 2
3
x3 − 7

2
x2 − 4x (c) x3 − x2 + 3x 4. (a) − 1

x
+ C (b) − 1

8x2
+ C (c) 2

3

√
x3 + C (d) 4

√
x+ C (e) 2

5

√
x5 + C (f) 3

4

3
√
x4 + C

(g) 5
8

5
√
x8 + C (h) 1

3
x2 − x + 4

3x
+ C (i) 1

2
x −

√
x + C 5. (a) x (b) 2

√
x (c) 1

2
r2 6. (a) 1

12
(3x + 2)4 + C (b) − 1

6
(1 − x)6 + C

(c) 1
5
x5 + 2

3
x3 + x + C (d) − 1

2(x−3)2
+ C (e) − 3

4x−2
+ C (f) − 1

3

√

(3− 2x)3 + C (g) 1
3

√
4x+ 3 + C 7. (a) f(x) = x3 − 3

(b) y = 2x2−x+4 (c) f(x) = −3x+19 (d) f(x) = (3x−2)4+1 (e) y = 1
3

√

(2x+ 11)3−6 (f) dy

dx
= x4−x+2 (g) y = x3+2x2+x−2

(h) f(x) = 1
6
x3−x− 3

2
(i) y = − 1

3
x3+4x+ 2

3
8. (a) y = kx2−2kx+(3k+1) (b) k < − 1

2
9. (a) x = t2− t−2 (b) t = 2 (c) t = 1

2

(d) 13
2

metres (e) 2ms−2 10. x = − 4
3
11. (a) 0 ≤ t ≤ 6, 6 seconds (b) 144 L 12. (a) 1

3
x3 +x2 +x+C (b) 1

3
x3 +x2 +x+ 1

3
+C

(c) The constants differ by 1
3
13. (a) (2x+ 1)2(8x+ 1) (b) y = x(2x+ 1)3 + 3 14. (a)

4(3x+1)√
2x+1

(b) x
√
2x+ 1 + C

NORMANHURST BOYS’ HIGH SCHOOL



Section 2

Area under a curve & definite integral

² Knowledge

Areas underneath a curve and
the x axis

3 Skills
Finding the areas

 Understanding
Why areas between the curve
and the x axis can be found via
the primitive

� By the end of this section am I able to:
21.8 Know that the area under a curve refers to the area between a function and the x axis, bounded by

two values of the independent variable and interpret the area under a curve in a variety of contexts

21.9 Determine the approximate area under a curve using a variety of shapes including squares, rectangles
(inner and outer rectangles), triangles or trapezia

21.12 Using technology or otherwise, investigate the link between the anti-derivative and the area under
a curve

21.13 Use the formula

∫ b

a

f(x) dx = F (b) − F (a), where F (x) is the anti-derivative of f(x), to calculate

definite integrals

� Learning Goal(s)

2.1 Approximations of areas beneath a curve by Riemann Sums

• The exact area can be ‘sandwiched’ (or trapped) between a lower sum and an upper
sum.

• Riemann sums

– Partition the region into shapes
(in the Mathematics Advanced course, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .rectangles and

.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .trapeziums )

– Taking function values from the . . . . . . . . .left of a curve and also from the

. . . . . . . . . . . . . .right of a curve.

– Sum all of the areas

– Reduce error by using smaller and smaller shapes

L Fill in the spaces

Bernhard Riemann (1826-1866) was a German mathematician who
made contributions to analysis, number theory, and differential geom-
etry. In the field of real analysis, he is mostly known for the first rigor-
ous formulation of the integral, the Riemann integral, and his work on
Fourier series - crucial for further study in writing functions in terms
of periodic/trigonometric functions.
Source: Wikipedia.

History

18

https://en.wikipedia.org/wiki/Riemann_sum
https://en.wikipedia.org/wiki/Bernhard_Riemann


Approximations of areas beneath a curve by Riemann Sums 19

(Pender, Sadler, Ward, Dorofaeff, & Shea, 2019b, p.166)

(a) By referring to the diagram, evaluate the bounds on

∫ 4

0

(
25− x2

)
dx

OABC

OADE
x

y

O
A

B C

D E

 4]  4]

 4]

× 4

× 4

 4]

× 2

× 2

 4]

+ 9

16

 ,

2019 University 

(b) Subdivide the interval [0, 4] as [0, 2] ∪ [2, 4] to tighten the bounds.

(c) Subdivide [0, 4] into four subintervals to further tighten the bounds, i.e. to ‘sandwich’
∫ 4

0

(
25− x2

)
between the lower and upper bounds.

� Example 24
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20 Approximations of areas beneath a curve by Riemann Sums

[Ex 4A Q8/Ex 5A Q10] The area of the region in the diagram is given by

∫ 4

2
lnx dx.

x

2 2 2

4 4

8 8

2 2

<
5 0.83 2

<
47

0.78 2

4 4
319 2 0.76

A

A 0.693147

x

y

University 

(a) Use 2 lower and 2 upper rectangles to show that (with decimals rounded to 2 places)

1.79 <

∫ 4

2
lnx dx < 2.48

(b) Use 4 lower and 4 upper rectangles to show that (with decimals rounded to 2 places)

1.98 <

∫ 4

2
lnx dx < 2.33

(c) Use 8 lower and 8 upper rectangles to show that (with decimals rounded to 2 places)

2.07 <

∫ 4

2
lnx dx < 2.24

(d) What trend can be identified in the parts above?

� Example 25

§ Use this applet to assist: https://www.geogebra.org/m/CfwjsmHx

GeoGebra

A Ex 4A
• Q6-7, 13

X1 Ex 5A

• Q8, 9, 11

Î Further exercises

NORMANHURST BOYS’ HIGH SCHOOL
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Relationship between area beneath curve & the primitive 21

2.2 Relationship between area beneath curve & the primitive

1. A(x): area between the curve f and the x axis from a to x.

2. Lower/upper sum.

• Under/over estimation.

• Take more rectangles.

3. lim
∆x→0

(
b∑

x=a

f(x)∆x

)

.

4. Sandwich theorem.

5. Evaluate F (x) at x = a.

³ Steps

NORMANHURST BOYS’ HIGH SCHOOL



22 Relationship between area beneath curve & the primitive

(First) Fundamental Theorem of Calculus If f(x) is continuous over the closed
interval [a, b] and F is the primitive of f(x), then

∫ b

a

f(x) dx = F (b)− F (a)

Differential form:
d

dx

∫ x

a

f(t) dt = f(x)
. . . . . . . . . . .

º Theorem 6

[Ex 5D] Use the differential form of the fundamental theorem to simplify these expres-
sions. Then confirm the consistency of the discussion in this section by performing the
integration and then differentiating.

(a)
d

dx

∫ x

1
6t2 dt (b)

d

dx

∫ x

−2

(
t3 − 9t2 + 5

)
dt (c)

d

dx

∫ x

4

1

t2
dt

� Example 26

A Ex 4D
• All questions

X1 Ex 5D

• All questions

Î Further exercises
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Evaluating definite integrals 23

2.3 Evaluating definite integrals

•
∫ b

a

f(x) dx is a . . . . . . . . . . . . . . . . . . . . . .definite integral.

•
∫

f(x) dx is an . . . . . . . . . . . . . . . . . . . . . . . . . . .indefinite integral.

� Definition 2

• . . . . . . . . . . . . . . . . . . . . . . .Definite integrals are evaluated. Keyword: . . . . . . . . . . . . . . . . . . . . . . . . .Evaluate .

• . . . . . . . . . . . . . . . . . . . . . . . . . . . .Indefinite integrals are found. Keyword: . . . . . . . . . . . . .Find .

V Important note

Find the area beneath the curve y = x2 from x = 0 to x = 3. Answer: 9

� Example 27

Evaluate

∫ 3

2

(
x3 − x2 + 1

)
dx. Answer: 131

12

� Example 28
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24 Evaluating definite integrals

2.3.1 Supplementary exercises

1. Evaluate the following definite integrals:

(a)

∫ 1

0
x3 dx

(b)

∫ 2

0

(
3x2 − x+ 1

)
dx

(c)

∫ 2

1

(
x3 + 1

)
dx

(d)

∫ 4

1

√
x dx

(e)

∫ 3

2

dx

x2

(f)

∫ 3

−3

(
1− x2

)
dx

(g)

∫ 1

0
(2x+ 1)3 dx

(h)

∫ 0

−4

√
1− 2x dx

(i)

∫ 2

1

3x3 − 2x2 + 1

3x2
dx

(j)

∫ 2

1

(

x+
1

x

)2

dx

(k)

∫ 3

−2
dx

(l)

∫ 4

1
x
√
x dx

(m)

∫ 9

4

1

2
√
x
dx

(n)

∫ 14

1

1
3
√
2x− 1

dx

(o)

∫ 1

0

x2 + 2x+ 2

(x+ 1)2
dx

2. (a) Solve for k:

∫ 3

1
kx2 dx =

65

3
. (b) Solve for x:

∫ x

1

dt√
t
= 1.

Answers to supplementary exercises §2.3.1

1. (a) 1
4
(b) 8 (c) 19

4
(d) 14

3
(e) 1

6
(f) −12 (g) 10 (h) 26

3
(i) 1 (j) 29

6
(k) 5 (l) 62

5
(m) 1 (n) 6 (o) 3

2
2. (a) k = 5

2
(b) x = 9

4

A Ex 4B
• All questions

Ex 4E

• Q10, 15, 16, 19

Ex 4I

• Q15

X1 Ex 5B

• Q1-16 last 2 columns

Ex 5E

• Q10, 15, 16, 19

• X2 Q20

Ex 5I

• Q15

• X2 Q16

Î Further exercises

Ex 11B Q1-6 Ex 11D Q7

Î Further exercises (Legacy Textbooks)

NORMANHURST BOYS’ HIGH SCHOOL



Section 3

Properties of definite integrals

² Knowledge

Difference between definite and
indefinite integral, and signed
areas

3 Skills
Finding definite integrals

 Understanding
When to apply the ‘straight in-
tegral’ versus finding the area
enclosed

� By the end of this section am I able to:
21.11 Understand the relationship of position to signed areas, namely that the signed area above the

horizontal axis is positive and the signed area below the horizontal axis is negative

21.14 Use geometric ideas to find the definite integral

∫ b

a

f(x) dx where f(x) is positive throughout an

interval a ≤ x ≤ b and the shape of f(x) allows such calculations, for example when f(x) is a straight
line in the interval or f(x) is a semicircle in the interval.

21.15 Calculate the area under a curve

21.16 Calculate areas between curves determined by any functions within the scope of this syllabus

� Learning Goal(s)

3.1 Area above/below x axis

• Evaluation of definite integrals result in . . . . . . . . . . . . . . . . . .signed areas.

• Area above x axis is . . . . . . . . . . . . . . . . . . . . . . .positive ; area beneath is . . . . . . . . . . . . . . . . . . . . . . . .negative .

� Definition 3

Evaluate

∫ −1

−2
x3 dx. Answer: − 15

4

� Example 29

25



26 Area above/below x axis

x

y

−1−2

−1

−8

y = x3

NORMANHURST BOYS’ HIGH SCHOOL



Simple geometry 27

3.2 Simple geometry

• Some integrals may be evaluated by sketching a diagram; which would otherwise be very
difficult to evaluate.

• Some other questions only provide a diagram and the integral is to be evaluated graphically.

Evaluate

∫ 3

0

√

9− x2 dx. Answer: 9π
4

� Example 30

[2016 2U Q9] What is the value of

∫ 2

−3
|x+ 1| dx?

(A)
5

2
(B)

11

2
(C)

13

2
(D)

17

2

� Example 31

o Draw picture!

V Important note

A Ex 4A
• Q4-5, 9-10

X1 Ex 5A

• Q4-7

Î Further exercises
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28 By diagrams

3.3 By diagrams

• These integrals can only be evaluated graphically.

• Be aware of areas above or below the x axis, as well as any signed ‘areas’.

The areas A1 and A2 are bounded by the curve f(x), the x axis, the line x = a and x = b.
The areas are 25 and 15 sq. units respectively.

x

y

A1

A2

f(x)

a

b

Evaluate the integral

∫ b

a

f(x) dx, justifying your answer. Answer: −10

� Example 32
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By diagrams 29

[2010 2U HSC Q9(b)] Let y = f(x) be a function defined for 0 ≤ x ≤ 6, with f(0) = 0.

The diagram shows the graph of the derivative of f , y = f ′(x).

2 4 6

−3

3

x

y

A1

A2

The shaded region A1 has area 4 square units. The shaded region A2 has the area 4 square
units.

(i) For which values of x is f(x) increasing? 1

(ii) What is the maximum value of f(x)? 1

(iii) Find the value of f(6). 1

(iv) Draw a graph of y = f(x), for 0 ≤ x ≤ 6. 2

Answer: i. 0 ≤ x < 2. ii. 4. iii. −6. iv. f(4) = 0, f(6) = −6. Local max at x = 2.

� Example 33
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30 By diagrams

[2012 2U HSC Q10] The graph y = f(x) has been drawn to scale for 0 ≤ x ≤ 8.

��

2 31 4 5 6 
x

7 8 

y

O

y x= ( )ƒ

Which of the following integrals has the greatest value?

(A)

∫ 1

0
f(x) dx (B)

∫ 2

0
f(x) dx (C)

∫ 7

0
f(x) dx (D)

∫ 8

0
f(x) dx

� Example 34

[2013 2U HSC Q14] The diagram shows y = f(x).

1 2 3−1−2−3

−1

1

x

y

What is the value of a, where a > 0 so that

∫ a

−a

f(x) dx = 0?

� Example 35
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By diagrams 31

[2018 2U HSC Q7] The diagram shows the graph of y = f(x) with intercepts at x =
−1, 0, 3 and 4.

−1 O 3 4
R
1 

R
2 

y

x

NOT TO 

SCALE 

y = â (x ) 

The area of shaded region R1 is 2. The area of shaded region R2 is 3.

It is given that

∫ 4

0
f(x) dx = 10.

What is the value of

∫ 3

−1
f(x) dx?

(A) 5 (B) 9 (C) 11 (D) 15

� Example 36
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32 Symmetry

3.4 Symmetry

3.4.1 Odd functions

A .. . . . . . . . . . . . . . . . . . . . . . . . .balanced . . . . . . . . . . . . . . . . . . . . . . .interval is an interval with 0 as the centre, and
spread out equally on either side of zero.

� Definition 4

The integral of an odd function over a . . . . . . . . . . . . . . . . . . . . . . . . .balanced . . . . . . . . . . . . . . . . . . . . . .interval is zero,
i.e. ∫ a

−a

f(x) dx = 0

if f(x) is odd.

º Theorem 7

Evaluate

∫ 1

−1

(
5x5 + x3 − x

)
dx.

� Example 37

3.4.2 Even functions

The integral of an even function over a . . . . . . . . . . . . . . . . . . . . . . . . . .balanced . . . . . . . . . . . . . . . . . . . . . .interval is
double the integral over half the interval, i.e.

∫ a

−a

f(x) dx = 2

∫ a

0
f(x) dx

if f(x) is even.

º Theorem 8

Evaluate

∫ 2

−2

(
x2 − 4

)
dx.

� Example 38
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Reversal of limits 33

3.5 Reversal of limits

An integral with the limits reversed, is the negative of the original integral, i.e.

∫ b

a

f(x) dx = −
∫ a

b

f(x) dx

º Theorem 9

Proof

1.

∫ b

a

f(x) dx = ... . . . . . . . . . . . . . . . . . . . . . . . . . . . .F (b)− F (a)

2.

∫ a

b

f(x) dx = ... . . . . . . . . . . . . . . . . . . . . . . . . . . . .F (a)− F (b) = .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .− (F (b)− F (a))

³ Steps
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34 Greater/lesser y values

3.6 Greater/lesser y values

If x ∈ [a, b], f(x) ≤ g(x), then

∫ b

a

f(x) dx ≤
∫ b

a

g(x) dx

º Theorem 10

(a) Sketch the graph of f(x) = 4− x2 for x ∈ [−2, 2].

(b) Explain why 0 ≤
∫ 2

−2

(
4− x2

)
dx ≤ 16.

� Example 39
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Greater/lesser y values 35

Supplementary exercises

1. Find in each case, the

i. shaded area ii. value of

∫ b

a

f(x) dx where a and b have values shown

(a)

x

y

−1 2

3

(b)

x

y

−1 2

−1.5

(c)

x

y

−3
2

3
2

y = 2
3x+ 1

(d)

x

y

−3 3

−3

y = −
√
9− x2

(e)

x

y

3−3

f(x)

f(x) =







−4x− 9 x < −2

−1 −2 ≤ x < 1

x− 2 x ≥ 1

2. By drawing appropriate diagrams, evaluate:

(a)

∫ 4

−2
(x+ 2) dx

(b)

∫ 5

2
(4− 2x) dx

(c)

∫ 3

−1
(−x) dx

(d)

∫ 5

−3
dx

(e)

∫ 6

0
(4 + 3x) dx

(f)

∫ 5

−5

√

25− x2 dx

(g)

∫ 1

0

√

4− y2 dy

(h)

∫ 1

5

x

2
dx

(i)

∫ 1

0
(1− 2y) dy

3. If f(x) =







−1 x < −2

x+ 1 −2 ≤ x < 0√
1− x2 0 ≤ x

0 x ≥ 1

, evaluate

∫ 4

−4
f(x) dx.
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36 Greater/lesser y values

4. (a) On a number plane, draw the line segment 2x+ 3y − 18 = 0, 3 < x < 6.

(b) Without calculating, write down in integral form

i. the area of the region bounded by the given line segment, the x axis, and the
vertical lines joining the end of this line segment to the x axis.

ii. the area of the region bounded by the given line segment, the y axis, and the
horizontal lines joining the end of this line segment to the y axis.

5. (a) On a number plane, draw the lines y = 2x and x+2y−10 = 0, showing their intercepts
with the axes and the point of intersection. Shade in the region bounded by the two
lines and the x axis.

(b) Without calculating the area, write down, in integral form, the area of the shaded
region.

6. (a) On a number plane, draw the parabola y = 3x − x2 and the line y = x, showing the
intercepts with the axes, and the points of intersection. Shade in the region bounded
by the parabola and the line.

(b) Write down, in integral form, the area of the shaded region.

7. (a) i. Draw a sketch of y = x3 ii. Hence evaluate

∫ 2

−2
x3 dx.

(b) i. Show that f(x) =
2x

1 + x2
is an odd function. ii. Hence evaluate

∫ 3

−3

2x

1 + x2
dx.

(c) i. Show that f(x) = x4 − x2 + 1 is an even function.

ii. Hence evaluate

∫ 5

−5

(
x4 − x2 + 1

)
dx.

Extension

8. If f(x) is continuous ∀x, f ′(x) = 0 ∀x and f(3) = 4, find

∫ 3

−1
f(x) dx.

9. (a) By drawing the graph of y = x2, state why

∫ 2

0
x2 dx+

∫ 4

0

√
y dy = 8.

(b) i. Sketch a graph of y = log2 x.

ii. It is given that

∫ 2

0
2ydy = k, where k is a constant. Use your graph and technique

in part (a) to find an expression for

∫ 4

1
log2 x dx in terms of k.

10. (a) By drawing the graph of y = 2t, find as functions of x:

i.

∫ x

0
2t dt. ii.

∫ x

2
2t dt

(b) i. Use part (a) (ii) to solve the equation

∫ x

2
2t dt = 32.

ii. Explain in terms of areas how there can be two answers to this equation.
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Greater/lesser y values 37

Answers to supplementary exercises §3.6 on page 35

1. (a) i. 9 units2 ii. 9 (b) i. 4.5 units2 ii.−4.5 (c) i. 3 units2 ii. 3 (d) i. 9π
2

units2 ii.− 9π
2

(e) i. 21
4

units2 ii.−2 2. (a) 18 (b)−9 (c)−4

(d) 8 (e) 78 (f) 25π
2

(g) 3
√
3+2π
6

(h) −6 (i) 0 3. π
4

− 2

4. (a)

3 6

2

4

x

y

b

b

(b) i.

∫ 6

3

(

6−
2

3
x

)

dx ii.

∫ 4

2

(

9−
3

2
y

)

dy 5. (a)

10

5

x

y

b (2, 4)

y = 2x

x+ 2y − 10 = 0 (b)

∫ 2

0
2xdx+

∫ 10

2

(

5−
x

2

)

dx 6. (a)

3

2

x

y

(2, 2)

y = x

(b)

∫ 2

0

(

3x− x2
)

dx−
∫ 2

0
x dx 7. (a) 0 (b) 0 (c) 2

∫ 5

0

(

x4 − x2 + 1
)

dx

8. 16 9. (a)

2

4

x

y

A1

A2

b A1 =

∫ 4

0

√
y dx

A2 =

∫ 2

0
x2 dx

A1 +A2 = 4× 2 = 8

(b) i.

4

2

x

y

1

b

k

y = log2 x

ii.

∫ 4

1
log2 xdx = 8−k 10. (a) i. x2

ii. x2 − 4 iii. x2 − 1 (b) x = ±6

A Ex 4C
• All questions

X1 Ex 5C

• Q9-18

Î Further exercises

Ex 11C all questions Ex 11H Q8-10

Î Further exercises (Legacy Textbooks)
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Section 4

Finding areas via integration

4.1 Area via diagram

• The integral

∫ b

a

f(x) dx may be less than the area between the curve f(x) and the x

axis if f(x) has . . . . . . . . . . . . . . . . . . . . .zero(s) between a ≤ x ≤ b.

• Draw picture!

• Use . . . . . . . . . . . . . . . . . . . . . . . .absolute . . . . . . . . . . . . . . . . . .values on integrals as appropriate.

L Fill in the spaces

Key phrase: area . . . . . . . . . . . . . . . . . . . . . . . . .enclosed /area . . . . . . . . . . . . . . . . . . . . . . . . . .bounded by. Beware when-
ever the diagram shows the curve crossing the x axis, or where the x intercepts need to be
found.

V Important note

Find the area enclosed by the curve y = x3, the x axis and the lines x = −1 and x = 2.
Answer: 17

4

� Example 40

38



Area via diagram 39

Find the area enclosed by the curve y = x(x+ 1)(x− 2) and the x axis. Answer: 37
12

� Example 41

Find the area bounded by the curve y = 9x− x3 and the x axis. Answer: 81
2

� Example 42

A Ex 4F
• Q1, 6-9

X1 Ex 5F

• Q1, 3, 5-8

Î Further exercises
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40 X1 Area between curve and y axis

4.2 X1 Area between curve and y axis

o This section may or may not be in the Mathematics Advanced syllabus but is implicitly
required for future Mathematics Extension 1 work. At the time of printing, no confirmation
has been received from NESA whether it’s present or not.

V Important note

• The area to the right of the y axis is . . . . . . . . . . . . . . . . . . . . . . .positive ; area to the left is

. . . . . . . . . . . . . . . . . . . . . . . . .negative .

• Change the . . . . . . . . . . . . . . . . . . . . .subject from x to y where necessary.

© Laws/Results

Find the area of the region enclosed, given the curve is y = x3 + 1. Answer: 51
4

1 2−1

x

y

1

9

y = x3 + 1

� Example 43
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X1 Area between curve and y axis 41

Find the area bounded by the coordinate axes and the curve y2 = 16(2−x). Answer: 32
3

√
2

� Example 44
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42 X1 Area between curve and y axis

The graph of the function x = f(y) from y = −1 to y = 5 is shown

1 2 3 4−1−2−3 −1

1

2

3

4

5

x

y

Use this diagram to evaluate

∫ 5

−1
f(y) dy.

� Example 45

A Ex 4F
• Q2, 3, 5

X1 Ex 5F

• Q2, 4

Î Further exercises
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X1 Area between curve and y axis 43

4.2.1 Supplementary exercises

1. Sketch the region bounded by the given curve and the given lines. Find the area of this region.

(a) y = x2 + 3, the x axis, and the lines x = 1 and x = 3.

(b) The part of y = −x(x− 1)(x− 2) below the x axis, and the x axis.

(c) x = y3, the y axis and the line y = 2.

(d) y = −x2 + 5x− 4 and the x axis.

(e) x = y2 − y and the y axis.

(f) y =
1

x2
, the x axis and the lines x = 1 and x = 4.

(g) y = (3x− 2)3, the x axis and the y axis.

(h) x =
√
1− y and the coordinate axes.

(i) x = −
√

36− y2 and the y axis.

2. Shade the region bounded by the given curve and the given lines. By first changing the
subject of the equation, find the shaded area.

(a) y =
√
2x, the y axis and the line y = 4.

(b) y = x2 + 1, and the line y = 5.

Extension

3. (a) Differentiate
(
x3 + 1

)5
. (b) Hence evaluate

∫ 1

0
x2
(
x3 + 1

)4
dx.

4. (a) Differentiate
√
1 + 2x2.

(b) Hence find the area bounded by the curve x =
3y

√

1 + 2y2
, the y axis & the lines y = 2

and y = 12.

5. The graph of y = f(x) has a local maximum at (0, 5) and a local minimum at (3, 2).

(a) Copy the graph of y = f(x), and on
another set of axes directly below it,
sketch the graph of y = f ′(x).

(b) On your diagram, shade the region
bounded by y = f ′(x) and the x axis.

(c) Find the area of the shaded region. 3

5

x

y

2 b

f(x)
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44 X1 Area between curve and y axis

6. (a) i. Find

∫ x

1

dt

t3
. ii. Hence find lim

x→∞

∫ x

1

dt

t3
.

(b) The graph shows the region ‘bounded’ by

the curve y =
1

(x− 1)2
and the line x = 2.

Find the area of this region.

1 2

1

2

3

x

y

y =
1

(x− 1)2

7. The diagram shows the graph of y = f(x). B(0, 1) is a local maximum. A and C are points
of inflexion. The x axis is an asymptote of the curve.

x

y

B(0, 1)

bA b C

(a) At which point on the curve does the tangent have its maximum gradient?

(b) Copy the diagram. On a separate set of axes directly below your sketch, draw a sketch
of y = f ′(x), the gradient function. Line up the features corresponding to points A, B
and C.

(c) Calculate the total area bounded by the curve y = f ′(x) and the x axis.

8. The velocity, v ms−1, of a particle t seconds after starting to move is given by
b

x = t(3 − t).
Sketch the graph of the velocity function. Find:

(a) the distance travelled by the particle in the first three seconds.

(b) the distance travelled in the next three seconds.

(c) the total distance travelled by the particle in the first six seconds.

(d) the displacement of the particle from its initial position after six seconds.

9. (a) Sketch the curve y = x4 and shade the region bounded by this curve, the x axis, and
the line x = 2.

(b) Find the area of the shaded region.

(c) Without further integration, find the area bounded by this curve, the line y = 16, and
the y axis, in the first quadrant.
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X1 Area between curve and y axis 45

10. (a) On a number plane, sketch the curve y = 4x2 + 4x+ 2, showing the coordinates of the
vertex. Shade the region bounded by this curve, the y axis, and the line y = 10, in the
first quadrant.

(b) By writing the above equation as 4x2 + 4x + (2 − y) = 0, and using the quadratic
formula, make x the subject of this formula.

(c) Hence, find the area of the shaded region.

(d) How could this area be calculated without changing the subject of the equation? Per-
form this calculation.

Answers to supplementary exercises §4.2.1 on page 43

1. (a) 44
3

units2 (b) 1
4
units2 (c) 4 units2 (d) 9

2
units2 (e) 1

6
units2 (f) 3

4
units2 (g) 4

3
units2 (h) 2

3
units2 (i) 18π units2 2. (a) 32

3

units2 (b) 32
3

units2 3. (a) 15x2
(

x3 + 1
)4

(b) 31
15

4. (a) 2x√
1+2x2

(b) 21 units2 5. 3 units2 6. (a) i. 1
2

(

1− 1
x2

)

ii. 1
2
(b) 1 units2

7. (a) A (b)
x

y

b
A

b
C

b B
(c) 2 units2 8. (a) 9

2
m (b) 45

2
m (c) 27 m (d) −18 m 9. (a) Not sketched here.

(b) 32
5

units2 (c) 128
5

units2 10. (a) parabola, concave up, V
(

− 1
2
, 1

)

, y intercept = 2 (b) x = −1±√
y−1

2
(c) 14

3
units2

Ex 11E Q1-16

Î Further exercises (Legacy Textbooks)
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Section 5

Further areas

5.1 Compound areas by addition

• Some areas to be found are composed of the area between the one curve and the x axis, plus
another curve and the x axis.

[2016 Independent Q13] The diagram below shows the parabolas y = 4x − x2 and
y = x2 − 2x. The graphs intersect at the origin O and the point A. Answer: 3

2 4

x

y

b A

y = 4x− x2

y = x2 − 2x

(i) Find the x coordinate of the point A. 1

(ii) Find the area of the shaded region bounded by the two parabolas and the x

axis.
3

� Example 46

46



Compound areas by subtraction 47

5.2 Compound areas by subtraction

If f(x) ≤ g(x) over the interval a ≤ x ≤ b, then the area between the curves f(x) and g(x)
is given by

A =

∫ b

a

g(x) dx
. . . . . . . . . . . . . . . . . . . . . . . . . . .
︸ ︷︷ ︸

top area

−
∫ b

a

f(x) dx
. . . . . . . . . . . . . . . . . . . . . . . . . . . .
︸ ︷︷ ︸

bottom area

=

∫ b

a

(g(x)− f(x)) dx

© Laws/Results

• Find .. . . . . . . . . . . . . . . . .points . . . . . .of . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .intersection between f(x) and g(x).

• If a sketch of the graph(s) is not possible, apply the . . . . . . . . . . . . . . . . . . . . . . . . .absolute

. . . . . . . . . . . . . . .value :

A =

∣
∣
∣
∣

∫ b

a

g(x)− f(x) dx

∣
∣
∣
∣

L Fill in the spaces

Find the area bounded by the curves f(x) = 2x− x2 and g(x) = 2− x. Answer: 1
6

� Example 47
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48 Compound areas by subtraction

[2013 2U HSC Q13] The diagram shows the graphs of the functions
f(x) = 4x3 − 4x2 + 3x and g(x) = 2x. The graphs meet at O and T . Answer: i. x = 0.5 ii. 1

48

1

x

y

b

T

b
O

(i) Find the x coordinate of T . 1

(ii) Find the area of the shaded region between the graphs of the functions f(x)
and g(x).

3

� Example 48
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Compound areas by subtraction 49

Find the area bounded by the curves y =
√
x and y = x2. Answer: 1

3

� Example 49

X1 Find the region bounded by y2 = −(x− 2) and y = −x. Answer: 9
2

x

y

2

� Example 50
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50 Compound areas by subtraction

Find the area bounded by f(x) = x3 − 2x2 − x+ 2 and g(x) = x2 − 1. Answer: 8

� Example 51

o Draw this diagram carefully!

V Important note
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Compound areas by subtraction 51

[2005 2U HSC Q8] (3 marks) The shaded region in the diagram is bounded by the
circle of radius 2 centred at the origin, the parabola y = x2 − 3x+ 2, and the x axis.

1 2 3−1−2
−1

−2

1

2

3

x

y

By considering the difference of two areas, find the area of the shaded region. Answer:

π − 5
6

� Example 52
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52 Compound areas by subtraction

[2015 2U HSC Q15] The diagram shows the curve with equation y = x2 − 7x + 10.
The curve intersects the x-axis at points A and B. The point C on the curve has the same
y-coordinate as the y-intercept of the curve.

n ��n

���MARKS	5SETHE1UESTION��7RITING"OOKLET�

�A	 4HE DIAGRAM SHOWS THE CURVE WITH EQUATION ��� 4HE CURVE
INTERSECTSTHE AXISATPOINTS AND �4HEPOINT ONTHECURVEHASTHESAME
COORDINATEASTHE INTERCEPTOFTHECURVE�

O A B

C

y

x

�I	 &INDTHE COORDINATESOFPOINTS AND �

�II	 7RITEDOWNTHECOORDINATESOF �

�III	 %VALUATE �

�IV	 (ENCE�OROTHERWISE�FINDTHEAREAOFTHESHADEDREGION�

(i) Find the coordinate of points A and B. 1

(ii) Write down the coordinates of C. 1

(iii) Evaluate

∫ 2

0

(
x2 − 7x+ 10

)
dx. 1

(iv) Hence or otherwise, find the area of the shaded region. 2

Answer: 49
3

� Example 53
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Compound areas by subtraction 53

[2017 2U HSC Q14] (3 marks) The shaded region shown is enclosed by two parabolas,
each with x intercepts at x = −1 and x = 1.

The parabolas have equations y = 2k
(
x2 − 1

)
and y = k

(
1− x2

)
, where k > 0.

y 

y = 2k ( x2 
− 1) 

k 

−2k 

−1 1 
x 

y = k (1 − x2 ) 

Given that the area of the shaded region is 8, find the value of k.

� Example 54

A Ex 4G
• All questions

X1 Ex 5G

• All questions

Î Further exercises

NORMANHURST BOYS’ HIGH SCHOOL



54 Compound areas by subtraction

5.2.1 Supplementary exercises

1. Find the area of the region bounded by the given curve and the given lines:

(a) y = 9− x2, the x axis, and the lines x = 0 and x = 5.

(b) y = x3 − x and the x axis.

(c) x = y2 − 3y, the y axis, and the lines y = −2 and y = 2.

(d) y =
∣
∣x2 − 3x+ 2

∣
∣ and the x axis, between x = 0 and x = 3.

2. Sketch the region bounded by the following pair of curves. Find the area of this region.

(a) y = x2 and y = 2x

(b) y = x4 and y = x2

(c) y = 2x− x2 and y = 2− x

(d) y = 4− x2 and y = x2

(e) f(x) = 3x2 and g(x) = 4x− x2

(f) y =
√
x, y = 6− x and the x axis

(g) x2 = 4y and y2 = 4x

(h) x = 4− y and x = 5y − y2 − 4

(i) y = x3 − 2x2 − x+ 2 and y = x2 − 1

(j) y = x2(2− x) and y = x(2− x)2

3. Find the area of the region bounded by

(a) y = 9− x2, y = 1− x2 and the x axis.

(b) y = x2, y = (x− 4)2 and the x axis.

(c) y = −x2 + 4x− 3, the y axis and the lines x = 4 and y = 4.

4. Find the area of the region
{
y ≤ 4− x2

}
∩
{
y = x2 − 4

}
.

Extension

5. (a) Prove that the line y = x+ 2 is a tangent to the parabola y = x2 − 5x+ 11.

(b) Let Q be the point where the line y = x+2 touches the parabola y = x2−5x+11. Find
the area of the region enclosed between the parabola and the normal to the parabola
at Q.

6. Sketch the region in the Cartesian plane bounded by the parabola y = x2−4x+3, its tangent
at (3, 0) and its axis of symmetry. Find the area of this region.

Answers to supplementary exercises §5.2.1

1. (a) 98
3

units2 (b) 1
2
units2 (c) 12 units2 (d) 11

6
units2 2. (a) 4

3
units2 (b) 4

15
units2 (c) 1

6
units2 (d) 16

√
2

3
units2 (e) 2

3
units2

(f) 22
3

units2 (g) 16
3

units2 (h) 4
3
units2 (i) 8 units2 (j) 1 unit2 3. (a) 104

3
units2 (b) 16

3
units2 (c) 52

3
units2 4. 64

3
units2 5. 4

3

units2 6. 1
3
units2

Ex 11F Q1-15

Î Further exercises (Legacy Textbooks)
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Section 6

Approximating the definite integral

² Knowledge

Iterative nature of applying the
trapezoidal rule

3 Skills
Applying the trapezoidal rule

 Understanding
When to use the trapezoidal rule

� By the end of this section am I able to:
21.17 Use the Trapezoidal rule to estimate areas under curves

� Learning Goal(s)

6.1 Trapezoidal rule

• Trapeziums are a better approximation to the exact area bounded by a curve, the x-axis
within the interval x ∈ [a, b].

• Divide the curve into n trapeziums,

f(x)

1 2 3

2

4

6

n trapeziums

h

x

y

A =
1

2
h(a+ b)

– 1st trapezium

A1 =
1

2
h

(

f(0) + f

(
1

2

))

– 2nd trapezium

A2 =
1

2
h

(

f

(
1

2

)

+ f (1)

)

– 3rd trapezium

A3 =
1

2
h

(

f (1) + f

(
3

2

))

• Generalising,

Trapezoidal rule:

A ≈ h

2

(

y1 + 2
(∑

ymiddle

)

+ yℓ

)

where h is the distance between two function values, yℓ being the last function value.

© Laws/Results

55



56 Trapezoidal rule

Find the approximate area under the curve f(x) = 1
x
using the Trapezoidal Rule with 3

function values from x = 1 to x = 2. Answer: 0.708

� Example 55

1. Draw table of values:
x 1 3

2 2

y

2. Apply Trapezoidal Rule:

³ Steps

Use the Trapezoidal Rule with five function values to approximate

∫ 3

1
log10 x dx

Express your answer correct to 4 decimal places. Answer: 0.5568

� Example 56

NORMANHURST BOYS’ HIGH SCHOOL



Trapezoidal rule 57

[1996 2U HSC Q4] Let f(x) =
√
25− x2.

i. Supply the missing values in this table:

x 0 1 2 3 4 5

f(x) 5.000 4.583 0.000

3

ii. Use these six values of the function and the trapezoidal rule to find the ap-
proximate value of

∫ 5

0

√

25− x2 dx

3

iii. Draw the graph of x2+y2 = 25 and shade the region whose area is represented
by the integral

∫ 5

0

√

25− x2 dx

1

iv. Use your answer to part (iii) to explain why the exact value of the integral is
25π

4
.

1

v. Use your answers to part (ii) and (iv) to find an approximate value for π. 1

� Example 57
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58 Trapezoidal rule

[2023 NBHS Adv Assessment Task 3] The graph below shows the curve y = x3 −
3x2 + 3x+ 4.

x

y

3O

y = x3 − 3x2 + 3x+ 4

(a) Use three applications of the Trapezoidal Rule from x = 0 to x = 3 to find
the approximate area bounded by the curve and the x axis.

3

(b) By using the graph provided, give a reason why the Trapezoidal Rule pro-
duces an overestimate of the exact area under the curve.

1

� Example 58

o How many functions values are needed for 3 applications of the Trapezoidal Rule?

V Important note
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Trapezoidal rule 59

[2019 Independent 2U Q16] The diagram shows the graph of the curve y =
ex

x
for

x > 0.

x

y

i. Find the coordinates of the stationary point on the curve. 2

ii. Use the Trapezoidal Rule with 4 function values to find as a rational number,
an approximation to the area bounded by the curve and the x axis between
x = ln 2 and x = ln 16.

3

Answer: i. (1, e) ii. 23
3

sq. units

� Example 59

A Ex 4H
• Q4-15

X1 Ex 5A

• Q8-11

Ex 5H

• Q6-15

Î Further exercises
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60 Trapezoidal rule

6.1.1 Supplementary exercises

1. Draw a sketch of y = x2+1. Find the upper and lower bounds for the integral

∫ 2

0

(
x2 + 1

)
dx

using (a) 1 rectangle (b) 2 rectangles (c) 4 rectangles.

2. Repeat Question 1 for

∫ 3

1
2x dx.

3. (a) Use a sketch and one application of the trapezoidal rule to approximate the following
integrals to an appropriate number of decimal places.

i.

∫ 4

0
x3 dx ii.

∫ 3

1
log3 x dx iii.

∫ 3

2

dx

x

(b) Decide whether each of the approximations in part (a) is an over or under approximation
to the exact value of the integral.

(c) Repeat part (a) using two applications of the trapezoidal rule.

4. Use the trapezoidal rule with five function values to approximate:

(a)

∫ 6

0

√
x dx (b)

∫ 1

0

dx

1 + x2
(c)

∫ π
2

0
sinx dx

5. (a) Use the trapezoidal rule with six function values to approximate

∫ 1

0

√

1− x2 dx, giving

your answer correct to 3 decimal places.

(b) Use your answer in part (a) to find an approximation for π.

Extension

6. (a) Complete the following table for the
function y = x2 − 4x+ 3.

x 0 1 2 3 4

y

(b) Use the trapezoidal rule with all the
values in this table to approximate

i.

∫ 4

0

(
x2 − 4x+ 3

)
dx

ii. the area of the region bounded
by the curve y = x2 − 4x+ 3,
the x axis, and the lines x = 0
and x = 4.

7. If f(x) = x + 1
x
, use the trapezoidal rule

with three function values to approximate

π

∫ 2

1

(

f(x)
)2

dx.

8. Use the trapezoidal rule with five function
values to approximate the area bounded by
the curves y = x2 and y = x3.

Answers to supplementary exercises §6.1.1

1. (a) LS = 2, US = 10 (b) LS = 3, US = 7 (c) LS = 15
4
, US = 23

4
2. (a) LS = 4, US = 16 (b) LS = 6, US = 12

(c) LS = 3
(

1 +
√
2
)

≈ 7.24, US = 3
(

2 +
√
2
)

≈ 10.24 3. (a) i. 128 ii. 1 iii. 0.42 (b) i. over ii. under iii. over (c) i. 80 ii. 1.13

iii. 0.41 4. (a) 9.45 (b) 0.783 (c) 0.987 5. (a) 0.759 (b) 3.036 6. (a) 3, 0,−1, 0, 3 (b) i. 2 ii. 4 units2 7. 15.4 8. 0.078 units2

Ex 11I Q1-11 Ex 11J Q1-12

Î Further exercises (Legacy Textbooks)
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Section 7

Rates of change

² Knowledge

Identifying when to differenti-
ate and when to integrate when
solving rates of change problems

3 Skills
Solving rates of change problems
by integration

 Understanding
When to use the definite or in-
definite integral to solve rates of
change problems

� By the end of this section am I able to:
21.18 Integrate functions and find indefinite or definite integrals and apply this technique to solving prac-

tical problems

� Learning Goal(s)

• When given
dQ

dt
, integrate and use initial conditions to find Q.

• When finding the change of quantity over the time, use a definite integral.

(Pender, Sadler, Ward, Dorofaeff, & Shea, 2019a, p.390) A tank contains 40 000L of water.
When the draining valve is opened, the volume V in litres of water in the tank decreases

at a variable rate given by
dV

dt
= −1500+ 30t, where t is the time in seconds after opening

the valve. Once the water stops flowing, the valve shuts off.
(a) When does the water stop flowing?

(b) Give a common-sense reason why the rate
dV

dt
is negative up to this time.

(c) Integrate to find the volume of water in the tank at time t.

(d) How much water has flowed out of the tank and how much remains?

� Example 60

61



62

[2006 2U HSC Q9] During a storm, water flows into a 7 000-litre tank at a rate of
dV

dt

litres per minute, where
dV

dt
= 120 + 26t− t2 and t is the time in minutes since the storm

began.

(i) At what times is the tank filling at twice the initial rate? 2

(ii) Find the volume of water that has flowed into the tank since the start of the
storm as a function of t.

1

(iii) Initially, the tank contains 1 500 litres of water. When the storm finishes,
30 minutes after it began, the tank is overflowing.

How many litres of water have been lost?

2

� Example 61
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63

[2014 Independent 2U Q16] After a week of rain the local dam starts to fill until, at
10 am Sunday the dam overflows. At this point the height (H) of the river starts to change
at the rate of (

1− t

20

)

metres per hour

Initially the height of the river is 5 metres.

i.) Show that the height of the river is given by the formula

H = − t2

40
+ t+ 5

1

ii.) Find the maximum height of the river during this flood. 2

iii.) A bridge crossing this river will be blocked once the height of the river reaches
12.5 metres. At what times and days will the bridge be blocked and then
re-opened?

3

Answer: i. Show ii. 15m iii. Blocked: 8 pm Sunday. Opened: 4 pm Monday.

� Example 62
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64

[1998 2U HSC Q8] Sand is tipped from a truck onto a pile. The rate, R kg/s, at which
the sand is flowing is given by the expression R = 100t− t3, for 0 ≤ t ≤ T , where t is the
time in seconds after the sand begins to flow.

(i) Find the rate of flow at time t = 8. 1

(ii) What is the largest value of T for which the expression for R is physically
reasonable?

1

(iii) Find the maximum rate of flow of sand. 1

(iv) When the sand starts to flow, the pile already contains 300 kg of sand. Find
an expression for the amount of sand in the pile at time t.

2

(v) Calculate the total weight of sand that was tipped from the truck in the first
8 seconds.

2

� Example 63
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65

o (Pender, Sadler, Shea, & Ward, 2009, Q20, p.268) James had a full drink bottle con-
taining 500mL of Coke. He drank from it so that the volume V mL of Coke in the bottle
changed at a rate given

dV

dt
=

(
2

5
t− 20

)

mL/s

(a) Find a formula for V .

(b) Show that it took James 50 seconds to drink the contents of the bottle.

(c) How long, correct to the nearest second, did it take James to drink half the contents
of the bottle?

� Example 64
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66

[2011 2U HSC Q9] A tap releases liquid A into a tank at the rate of

(

2 +
t2

t+ 1

)

litres

per minute, where t is the time in minutes. A second tap releases liquid B into the same

tank at the rate of

(

1 +
1

t+ 1

)

litres per minute. The taps are opened at the same time

and release the liquids into an empty tank.

(i) Show that the rate of flow of liquid A is greater than the rate of flow of
liquid B by t litres per minute.

1

(ii) The taps are closed after 4 minutes. By how many litres is the volume of
liquid A greater than the volume of liquid B in the tank when the taps are
closed? Answer: 8L

2

� Example 65

A Ex 7E
• Q3, 4, 5, 7

X1 Ex 9F

• Q1, 2, 4, 11, 12

Î Further exercises

2 Ex 6F (Pender et al., 2009)
• Q7-19

X1 Ex 7F (Pender, Sadler, Shea, & Ward,
2000)

• Q1, 3, 6, 9, 10

Î Further exercises (Legacy Textbooks)
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Section 8

Motion

8.1 Displacement & velocity as integrals

o Relate content to Further Differentiation topic and previous sections.

The . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .displacement - . . . . . . . . . . . . .time function of a particle is the integral
of the velocity w.r.t. time, i.e.

x =

∫

v dt
. . . . . . . . . . . . . . . .

(Do not omit constant of integration!)

© Laws/Results

The .. . . . . . . . . . . . . . . . . . .change . . . . . .in . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .displacement between t = a and t = b,
from a velocity-time equation is

∆x =

∫ b

a

v dt

. . . . . . . . . . . . . . . . . .

(Also see Section 7 on page 61)

© Laws/Results

The velocity-time function of a particle is the integral of the acceleration w.r.t. time, i.e.

v =

∫

a dt

(Do not omit constant of integration!)

© Laws/Results

[2014 St George GHS 2U] A particle moves along a straight horizontal line with
acceleration of (2t− 1) ms−2. Initially it is 3 metres to the right of the origin, moving with
velocity of −2 ms−1. The position of the particle, relative to the origin after 3 seconds is:
(A) 1.5m to the right

(B) 1.5m to the left

(C) 11.5m to the right

(D) 11.5m to the left

� Example 66
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68 Displacement & velocity as integrals

[2015 2U HSC Q14] In a theme park ride, a chair is released from a height of 110 metres
and falls vertically. Magnetic brakes are applied when the velocity of the chair reaches −37
metres per second.

n ��n

���MARKS	5SETHE1UESTION��7RITING"OOKLET�

�A	 )N A THEME PARK RIDE� A CHAIR IS RELEASED FROM A HEIGHT OF ���METRES AND
FALLS VERTICALLY� -AGNETIC BRAKES ARE APPLIED WHEN THE VELOCITY OF THE CHAIR
REACHES �� METRESPERSECOND�

110 m

Magnetic brakes NOT TO

SCALE

Release point

4HEHEIGHTOF THECHAIRAT TIME  SECONDS IS METRES�4HEACCELERATIONOF THE
CHAIRISGIVENBY �!TTHERELEASEPOINT� �� ���AND �

�I	 5SINGCALCULUS�SHOWTHAT ����

�II	 (OWFARHASTHECHAIRFALLENWHENTHEMAGNETICBRAKESAREAPPLIED�

The height of the chair at time t seconds is x metres. The acceleration of the chair is given
by

b b

x = −10. At the release point, t = 0, x = 110 and
b

x = 0.

(i) Using calculus, show that x = −5t2 + 110. 2

(ii) How far has the chair fallen when the magnetic brakes are applied? 2

Answer: (i) Show (ii) 68.45m
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Displacement & velocity as integrals 69

[2020 Adv HSC Sample Q33] (2 marks) A particle is moving along the x axis. The
graph shows its velocity v metres per second at time t seconds.

O

8

4 t

v

When t = 0 the displacement x is equal to 2 metres.

On the axes below draw a graph that shows the particle’s displacement, x metres from the
origin, at a time t seconds between t = 0 and t = 4. Label the coordinates of the endpoints
of your graph.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

O 4 t

x
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70 Distance travelled

8.2 Distance travelled

The distance travelled can be found by finding the . . . . . . . . . . . .area . . . . . . . . . . . . . . . . . . . . . . . .enclosed
between the graph and .. . . . . . . . . . . . . . . . . . . . . . . . . . . . .horizontal axis.

© Laws/Results

[2004 2U HSC] A particle moves along the x-axis. Initially it is at rest at the origin.
The graph shows the acceleration, a, of the particle as a function of time t for 0 ≤ t ≤ 5.

1 2 3 4 5

−3

3

t

a

b

b b

(1, 3)

(3,−3) (5,−3)

(i) Write down the time at which the velocity of the particle is a maximum. 1

(ii) At what time during the interval 0 ≤ t ≤ 5 is the particle furthest from the
origin? Give brief reasons for your answer.

2
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Distance travelled 71

[2005 2U HSC Q7] The graph shows the velocity
dx

dt
, of a particle as a function of time.

Initially, the particle is at the origin.

t

dx

dt

2 6

–2

2

O

(3, –2)

(1, 2)

(5, –2)

(i) At what time is the displacement, x, from the origin a maximum? 1

(ii) At what time does the particle return to the origin? Justify your answer. 2

(iii) Draw a sketch of the acceleration,
d2x

dt2
as a function of time for 0 ≤ t ≤ 6. 2
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72 Distance travelled

[2007 2U HSC Q10] An object is moving on the x axis. The graph show the velocity
dx

dt
, of the object, as a function of time t. The coordinates of the points shown on the graph

are A(2, 1), B(4, 5), C(5, 0) and D(6,−5). The velocity is constant for t ≥ 6.

dx

A

B NOT�

TO�

SCALE�

C 6�

D

t
42�

–5�

1�

5�

O

dt

(i) Using Simpson’s Rule the Trapezoidal Rule, estimate the distance travelled
between t = 0 and t = 4.

2

(ii) The object is initially at the origin. During which time(s) is the displacement
of the object decreasing?

1

(iii) Estimate the time at which the object returns to the origin. Justify your
answer.

2

(iv) Sketch the displacement, x, as a function of time. 2
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